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Abstract
Starting from an analysis of four-dimensional asymptotically flat gravity in first
order formulation, we show that superrotation reparametrization modes are governed
by an Alekseev–Shatashvili action on the celestial sphere. This two-dimensional con-
formal theory describes spontaneous symmetry breaking of Virasoro superrotations
together with the explicit symmetry breaking of more general Diff(S2) superrotations.
We arrive at this result by first reformulating the asymptotic field equations and sym-
metries of the radiative vacuum sector in terms of a Chern–Simons theory at null
infinity, and subsequently performing a Hamiltonian reduction of this theory onto the
celestial sphere.
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1 Introduction
The importance of asymptotic symmetries of gravitational and gauge theories has been
appreciated to an ever increasing extent, starting with the discovery by Bondi, van der
Burg, Metzner and Sachs (BMS) of an infinite-dimensional symmetry group governing the
phase space of General Relativity with asymptotically flat boundary conditions [1, 2]. In
particular, conservation laws associated to BMS symmetries – also called supertranslations –
have been shown to yield Ward identities that are equivalent to Weinberg’s soft graviton
theorems and the displacement memory effect [3, 4, 5]; see the reviews [6, 7].
In its original form, the BMS group contains supertranslations and Lorentz transfor-
mations where the latter act as Conf(S2) global conformal transformations on the celestial
sphere. More recently, the extended BMS group [8] and the generalized BMS group [9, 10]
have been considered two possible alternative extensions to the BMS group. Their new
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elements essentially act through Virasoro local conformal transformations and Diff(S2) dif-
feomorphisms on the celestial sphere, respectively. The associated symmetry transforma-
tions go under the name of superrotations in both cases. Similarly to supertranslations,
superrotations have been related to subleading soft graviton theorems [9, 11, 12] and have
been instrumental in the discovery of new memory effects [13, 14].
Supertranslations and superrotations are spontaneously broken, leading to an infinite
degeneracy of gravitational vacua in asymptotically flat spacetimes [3, 15]; an explicit con-
struction of these vacua was presented in [14, 16, 17]. In the present work, we derive an
effective action for superrotation modes on the celestial sphere which describes the explicit
breaking of general superrotations down to the Virasoro subgroup, together with the spon-
taneous breaking of the latter. This is not dissimilar to the way the Schwarzian action
describes the explicit breaking of Diff(S1) down to SL(2,R) in the context of gravity in
two-dimensional anti-de Sitter (AdS) space [18].
The approach employed in this work is reminiscent of other recent works on gravity in two
and three dimensions. These lower-dimensional models exhibit no gravitational radiation
so that all non-trivial states reside on the boundary. Consequently, it is possible to derive
from the bulk theory an action that captures the dynamics of the boundary modes; see
[19,20,21,22] for constructions on AdS3, dS3, and three-dimensional flat space, respectively.
In the case of pure three-dimensional flat space, one finds that the boundary action at null
infinity further reduces to an action on its (one-dimensional) boundary. More precisely,
the analysis of [23] shows that the action obtained in this way is a Schwarzian action for
superrotation modes. As will be seen, the action we obtain in the present work is the natural
generalization of this result to four-dimensional asymptotically flat gravity.
In the remainder of this introduction we present an outline of our work and highlight
some of the main steps along the way.
In section 2 we provide a description of four-dimensional asymptotically flat gravity in a
first order formulation where the independent variables are frame fields and associated spin
connection coefficients. Imposing the standard Newman–Unti boundary conditions at future
null infinity I + [24], we show that the set of residual large gauge symmetries generates the
extended/generalized bms4 algebra together with boundary Weyl rescalings, in agreement
with an earlier analysis performed by Barnich and Lambert [25]. The formalism which we
use closely follows that of Korovin [26] and differs only in the use of the more restrictive
Newman–Unti boundary conditions.
We proceed in section 3 with an asymptotic analysis of the field equations, restrict-
ing our attention to field configurations without gravitational radiation going through I +.
These radiative vacua differ asymptotically from Minkowski space by large gauge trans-
formations [14, 16]. Hence, radiative vacua spontaneously break the asymptotic symmetry
group. This spontaneous breaking is characterized by supertranslation and superrotation
modes whose description is the subject of the present work. As a first step in that direction,
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we organize the field equations into successive layers that may be solved iteratively near
I
+. Interestingly, the first layer precisely coincides with the equations of motion of an
so(3, 1) = conf(2) Chern-Simons theory defined at null infinity,
S =
k
4π
∫
I +
〈A ∧ dA+ 2
3
A ∧ A ∧ A〉 , (1.1)
where the algebra-valued gauge connection A may be decomposed as
A = hH+ eaPa + b
aBa + ωJ . (1.2)
With hindsight, the appearance of the Lorentz group SO(3,1) is barely surprising as it is
the symmetry group of the light-cone of which null infinity is a close cousin.
Except for its component ba, the gauge field of the above Chern–Simons theory admits
a natural interpretation in terms of the intrinsic conformal geometry at null infinity [27].
In order to describe the asymptotic structure of a four-dimensional spacetime M equipped
with metric gαβ , it is convenient to introduce its conformal compactification [28,29]. To this
end, one introduces the rescaled unphysical metric
g˜αβ = Ω
2gαβ , (1.3)
where the conformal factor Ω is chosen in such a way that g˜αβ is everywhere finite. Null in-
finity I is then defined as the locus where this conformal factor vanishes, and is understood
as the spacetime conformal boundary. When pulled back to this boundary surface Ω = 0,
the unphysical metric g˜ induces a degenerate boundary metric q whose kernel is spanned by
the vector n normal to I . This defines a Carrollian structure on I . The components ea of
the Chern–Simons connection play the role of frame fields for this degenerate metric,
qµν = δabe
a
µe
b
ν , e
a · n = 0 . (1.4)
The choice of conformal factor Ω in (1.3) is not unique, however. Any change Ω 7→ eηΩ still
yields a regular unphysical metric, and induces a Weyl rescaling q 7→ e2ηq at I . Obviously,
this freedom should be considered unphysical or pure gauge, while any sensible physical
quantity computed at I ought to be Weyl-invariant. One might therefore find convenient
to work with a torsion-free Weyl covariant derivative Dˆ at I which, in contrast to more
conventional metric compatible derivative operators, is constructed such as to be invariant
under Weyl rescalings [30]. We review this construction in appendix A. A Weyl covariant
derivative satisfies
Dˆρqµν = hρqµν , (1.5)
where the Weyl vector h is a priori arbitrary and transforms like a gauge field for Weyl
rescalings, h 7→ h + dη. As it turns out, the component h of the Chern–Simons gauge field
3
(1.2) precisely behaves as a Weyl vector. The spin connection ωˆ associated to the Weyl
derivative Dˆ satisfies
ωˆab = ωab − hδab , (1.6)
where ωab is a metric compatible spin connection with torsion, and the quantity ω appearing
in (1.2) is its Hodge dual,
ωab = −ωǫab . (1.7)
The main surprise comes from the field ba which does not admit an intrinsic geometric
interpretation at null infinity. Instead we identify it with the pull-back to I of the Schouten
tensor S˜αβ associated to the unphysical bulk metric g˜αβ,
Sµν ≡ S˜µν
∣∣
I
= −2baµeaν , S˜αβ = R˜αβ −
1
6
R˜ g˜αβ . (1.8)
This quantity encodes information about gravitational radiation passing through I , but
is not invariant under boundary Weyl rescalings [29]. The News tensor Nµν contains the
physical Weyl-invariant information,
Nµν ≡ Sµν − ρµν , (1.9)
where ρµν is a geometric tensor intrinsically defined on I whose transformation under Weyl
rescalings precisely cancels that of Sµν . As already mentioned, solutions of the Chern–
Simons theory (1.1) correspond to radiative vacua of asymptotically flat gravity. Insisting
on having vanishing News associated to such radiative vacua1, the Chern–Simons theory
therefore describes the corresponding set of tensors ρµν that characterize the respective
vacua.
Radiative vacua and their associated field configurations have been described in [14,16].
In particular, it has been shown that they are all related by superrotation symmetries, i.e. by
mappings of the celestial sphere onto itself [17]. Using complex stereographic coordinates
(z, z¯), superrotations are thus generated by arbitrary reparametrizations
z′ = Π(z, z¯), z¯′ = Π¯(z, z¯) . (1.10)
In section 4 we proceed with the Hamiltonian reduction of the Chern–Simons theory and
derive an action for this reparametrization mode,
S [Π] =
t
16π
∫
S2
d2z
∂z∂z¯Π ∂
2
zΠ
(∂zΠ)2
+
t¯
16π
∫
S2
d2z
∂z¯∂zΠ¯ ∂
2
z¯ Π¯
(∂z¯Π¯)2
. (1.11)
It is recognized as a complex version of the geometric action on a coadjoint orbit of the Vi-
rasoro group put forward by Alekseev and Shatashvili [32]. The derivation of this conformal
1Sometimes a different convention has been adopted where ρµν is fixed once and for all, such that the
various vacuum Schouten configurations ρµν = S
vac
µν
translate into various vacuum News configurations Nvac
µν
instead [14, 16, 31].
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field theory for the superrotation reparametrization mode is the main result of this work.
The above effective action offers a unified treatment of Virasoro and Diff(S2) superrotations
and at the same time highlights the difference between them. Indeed, Diff(S2) superrota-
tions Π(z, z¯) have non-zero action and are therefore explicitly broken. On the other hand,
holomorphic Virasoro transformations Π(z) have zero action and may be understood as
labeling spontaneously broken superrotation vacua.
Conventions. Indices α, β, γ, ... denote four-dimensional, µ, ν, ... denote three-dimensional,
and i, j, k, .. denote two-dimensional coordinate indices. Similarly, sans serif letters A,B,C, ...
denote four-dimensional frame indices, while a, b, c, ... denote two-dimensional frame indices.
For the latter, which are raised and lowered with δab, we will not distinguish between co-
variant and contravariant indices.
2 Asymptotically flat spacetimes
In this section we start by describing the Newman–Unti gauge and associated boundary
conditions, both in metric and first order formulation. We then discuss residual asymptotic
symmetries, recovering the extended/generalized BMS4 symmetries together with boundary
Weyl rescalings [25].
2.1 Newman–Unti gauge
For definiteness, we restrict the asymptotic analysis to the neighborhood of future null
infinity I +, but a similar analysis may be performed near past null infinity I −. Our
starting point is the metric in Newman–Unti (NU) gauge [24], characterized by
gur = −1, grr = gri = 0 , (2.1)
such that the most general metric in this gauge is of the form
ds2 = guu du
2 − 2 dr du+ gui du dxi + gij dxi dxj , (2.2)
with falloff conditions
guu = O(r), (2.3a)
gui = O(r
0), (2.3b)
gij = r
2γij + rCij +O(r
0). (2.3c)
This choice of gauge is reached by demanding that slices of constant u be lightlike and
that their normal vector, lying in the lightlike hypersurface, generate geodesics with affine
parameter r. The remaining coordinates xi label geodesics in a constant u-hypersurface.
5
The freedom in scaling r is used to set gur = −1, while its origin is fixed such as to enforce
the additional condition of having no term of order r−2 in
ρ ≡ −1
4
gij∂rgij = −r−1 +O(r−3). (2.4)
In particular, tracelessness of the shear tensor follows from this condition,
γijCij = 0 . (2.5)
As an aside, let us mention that the more widely used Bondi gauge, defined by the gauge
fixing conditions
gr¯r¯ = gr¯i = 0, ∂r¯ det
(gij
r¯4
)
= 0 , (2.6)
differs from the NU gauge only by the choice of radial coordinate r¯. The relation between
these two coordinate systems is simply given by [25, 33]
r¯ =
(
det gij
det γij
) 1
4
= r +O(r−1) . (2.7)
The difference between these two gauges appears only at subleading order and, being a
choice of gauge, should not affect the computation of physical quantities such as surface
charges [25]. We find that the subsequent analysis is most transparent and natural in NU
gauge.
We turn to a description of the above metric in terms of frame fields which, together
with the spin connection, are the independent fields in a first order formulation of gravity.
The frame fields EAα , which form a vector basis in the spacetime tangent bundle, satisfy
gαβ = ηABE
A
αE
B
β . (2.8)
We will label the four covectors by uˆ, rˆ, a where a = 1, 2. The Lorentzian tangent space
metric is taken to be
ηuˆrˆ = −1 , ηab = δab . (2.9)
In particular, there is no difference between a lower or upper frame index a. The spin
connection Ω Aα B contains the Ricci rotation coefficients in this frame basis,
∇αEAβ = −Ω Aα BEBβ . (2.10)
Metric compatibility of the covariant derivative ∇ requires antisymmetry of the spin con-
nection with respect to frame indices, Ω[AB] = 0, which we assume for consistency with
the metric formulation of General Relativity. In a first order formulation thereof, the spin
connection is considered an independent field. It can be completely solved in terms of the
frame fields through its own equation of motion, the vanishing torsion constraint
TA = 0 , TA ≡ dEA + ΩAB ∧ EB . (2.11)
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The covariant derivative ∇ then reduces to the standard metric compatible and torsion-free
Levi-Civita´ one.
In the first order formulation one has the freedom to perform general coordinate trans-
formations, as well as local Lorentz transformations (LLT) that leave the tangent space
metric ηAB invariant. We use this freedom to impose the gauge conditions
E uˆu = E
rˆ
r = 1, E
uˆ
r = E
uˆ
i = E
a
r = 0, Ω
ab
r = Ω
rˆa
r = 0 . (2.12)
Vanishing of the torsion components T uˆru and T
uˆ
ri directly yields
Ω ABr = 0, for all A,B , (2.13)
such that we may consider these ‘extended’ conditions for simplicity. In section 2.2, we
will show that the above gauge conditions leave some residual gauge symmetries, to be
interpreted as asymptotic symmetries. Thus, the frame fields take the form
E uˆ = du , (2.14a)
E rˆ = dr + E rˆu du+ E
rˆ
i dx
i , (2.14b)
Ea = Eau du+ E
a
j dx
j . (2.14c)
The corresponding dual vector fields are given by
Euˆ = ∂u +
(
E rˆiE
i
aE
a
u − E rˆu
)
∂r −EauEia∂i , (2.15a)
Erˆ = ∂r , (2.15b)
Ea = E
i
a
∂i − EiaE rˆi∂r , (2.15c)
where Ei
a
is defined to be the inverse of Eai and therefore satisfies
Ei
a
Eaj = δ
i
j , E
i
a
Ebi = δ
b
a
. (2.16)
Taken together, the gauge-fixing conditions (2.12) and (2.13) define the NU gauge in terms
of frame fields and spin connection [24]. Since the NU gauge is usually discussed in terms
of Newman–Penrose (NP) quantities, we provide an explicit translation of our gauge-fixing
conditions to the NP formulation in appendix B.
In order to satisfy the NU fall-off conditions (2.3), we require
E rˆµ = rhµ + h
(0)
µ + O(r
−1), (2.17a)
Eaµ = re
a
µ + e
(0)a
µ +O(r
−1), (2.17b)
where all asymptotic fields depend on u, xi, and with
eau = 0, e
(0)a
u = e
i
ahi ≡ ha. (2.18)
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The field eaµ plays the role of frame field for the three-dimensional degenerate metric qµν on
I
+, whose pull-back onto two-dimensional spatial sections thereof is γij. We will refer to
any such spatial section as the celestial sphere. It is therefore natural to apply eai to fields
‘living’ at I + – fields appearing in the asymptotic expansion (2.17) and which have no
dependence on the radial coordinate – in order to switch between coordinate indices i and
frame indices a. We may similarly decompose spatial vectors onto this frame field basis. In
particular, we write
e
(0)a
i =
1
2
Cabe
b
i . (2.19)
Upon imposing the vanishing torsion constraint (2.11), it may be shown that the gauge
condition Ω abr = 0 yields
C[ab] = 0. (2.20)
As mentioned in the introduction and explained in more details in section 3 and appendix
A, the frame field hµ appearing in (2.17) is interpreted as Weyl vector for the connection
induced at the boundary. Since it is pure gauge hµ, it must be fixed on all of I
+ in order
to solve the field equations.
We further restrict the phase space to field configurations satisfying the boundary con-
dition
eai (u, x) = Θ(u, x)e¯
a
i (x), hu = ∂u lnΘ . (2.21)
In order to make contact with recent works [9, 10, 14], we assume that the field e¯ai is com-
pletely arbitrary and only its determinant is fixed to yield the volume form of the unit round
metric on the celestial sphere. As we will see explicitly in the next section, these boundary
conditions imply that the asymptotic symmetry algebra contains superrotations. The field
Θ in (2.21) on the other hand can be regarded as the ambiguity in the conformal factor used
to define the unphysical metric (1.3). It is pure gauge and can thus be fixed to any desired
value.
The freedom in choosing the conformal factor is often used to go to a Bondi conformal
frame defined by the condition
∇˜α∇˜αΩ|I + = 0 , (2.22)
where ∇˜ is the Levi-Civita´ connection associated to g˜. In the present context this cor-
responds to setting hu = 0. Nevertheless, in the following we will consider that a Bondi
conformal frame satisfies the stronger condition
hµ = 0 . (2.23)
We are not aware of any pre-existing treatment of the less restrictive gauge hi 6= 0.
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In terms of frame field components, the asymptotic expansion of the metric (2.2) is
guu = −2rhu + (−2h(0)u + haha) +O(r−1) , (2.24a)
gui = (hae
(0)a
i − h(0)i + eai e(1)au ) +O(r−1) , (2.24b)
gij = r
2γij + rCij +O(r
0) , (2.24c)
with
γij = δabe
a
i e
b
j , Cij = e
a
i e
b
jCab . (2.25)
As in the metric formulation, we require tracelessness of the shear tensor Cij as an additional
gauge-fixing condition,
γijCij = δ
abCab = 0 . (2.26)
In the first order formulation of gravity, we also need to provide fall-off conditions for the spin
connection. As stated above, the latter will be uniquely determined through the vanishing
torsion constraint (2.11). Fall-off conditions that are compatible with this unique solution
take the form
Ω uˆrˆµ = ω
uˆrˆ
µ +O(r
−2) , (2.27a)
Ω uˆaµ = ω
uˆa
µ +O(r
−2), (2.27b)
Ω rˆaµ = b
a
µ + r
−1ω(1)ˆraµ +O(r
−2), (2.27c)
Ω abµ = ω
ab
µ +O(r
−2) . (2.27d)
The boundary conditions defined above agree with those originally defined in [24] and
more recently discussed in [25, 34, 35]. The field hi is usually eliminated by a null rotation
around E uˆ. Refraining from doing this will allow us to identify a gauged so(3, 1) = conf(2)
symmetry algebra governing the asymptotic fields.
2.2 Residual asymptotic symmetries
We now discuss residual gauge symmetries that preserve the NU gauge-fixing conditions
(2.12). In the first order formulation of gravity, gauge symmetries include covariant general
coordinate transformations2 (cgct) as well as local Lorentz transformations (LLT). The
infinitesimal transformation of the frame fields and the spin connection is given by
δEAα = ξ
β∂βE
A
α + E
A
β ∂αξ
β − Λ¯A
B
EBα , (2.28a)
δΩ ABα = ξ
β∂βΩ
AB
α + Ω
AB
β ∂αξ
β + ∂αΛ¯
AB + Ω CAα Λ¯
B
C − Ω CBα Λ¯AC , (2.28b)
2Covariant general coordinate transformations preserve the tensorial nature of fields with respect to
internal gauge symmetries, such as LLT in this case. They may be thought of as standard diffeomorphisms
corrected by simultaneous internal gauge transformations. See Chapter 11 of [36].
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where
Λ¯AB ≡ ΛAB − ξαΩ Aα B . (2.29)
The vector field ξ generates cgct while the antisymmetric matrix ΛAB generates LLT. These
infinitesimal transformations may be written alternatively as [26, 36]
δEAα = ∂αξ
A − ΛA
B
EBα + ξ
BΩ Aα B + ξ
βTAβα , (2.30a)
δΩ ABα = ∂αΛ
AB + Ω CAα Λ
B
C
− Ω CBα ΛAC + ξβRABβα , (2.30b)
where ξA = ξαEAα and the curvature tensor has been introduced,
RAB = dΩAB + ΩA
C
∧ ΩCB . (2.31)
Preservation of the gauge-fixing conditions (2.12) impose restrictions on the symmetry gen-
erators ξ and ΛAB. Looking first at transformations of the frame fields, we obtain the
constraints
0 = ∂rξ
u , (2.32a)
0 = ∂uξ
u + Λ¯uˆrˆ − Λ¯uˆaEau , (2.32b)
0 = ∂iξ
u − Λ¯uˆaEai , (2.32c)
0 = E rˆα∂rξ
α − Λ¯uˆrˆ , (2.32d)
0 = Eaα∂rξ
α − Λ¯uˆa , (2.32e)
which are solved by
∂rξ
u = 0 , ∂rξ
i = gij∂jξ
u , ∂rξ
r = −∂uξu +
(
EaiE
a
u − E rˆi
)
∂rξ
i , (2.33)
together with
Λ¯uˆa = Eai ∂rξ
i , (2.34a)
Λ¯uˆrˆ = ∂rξ
r + E rˆi∂rξ
i . (2.34b)
The first set of equations implies
ξr = −r∂uξu + α(u, x) +O(r−1) , (2.35a)
ξi = Y i(u, x)− r−1γij∂jξu +O(r−2) , (2.35b)
and we deduce from (2.34) that Λ¯uˆa and Λ¯uˆrˆ scale like O(r−1) and O(r0) asymptotically,
respectively. Looking at the transformation of the spin connection yields the additional
restrictions
0 = δΩ rˆar = ∂rΛ
rˆa − ξµ∂rΩ rˆaµ , (2.36a)
0 = δΩ abr = ∂rΛ
ab − ξµ∂rΩ abµ . (2.36b)
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These are solved by LLT generators of the form
Λrˆa = λa(u, x) + r−1
(
ξuω(1)ˆrau + Y
iω
(1)ˆra
i
)
+O(r−2) , (2.37a)
Λab = λab(u, x) + r−1
(
Y iω
(1)ab
i
)
+O(r−2) , (2.37b)
where the leading expansion coefficients λa and λab are left unconstrained, while the sub-
leading terms are fully determined by (2.36). Having deduced the asymptotic scaling of all
residual gauge parameters, one can check that preservation of the Eau fall-off further requires
∂uY
i = 0 , (2.38)
while all other fall-off conditions are trivially satisfied.
Variations of the boundary metric and shear tensor are given by
δγij = 2 (−∂uξu + ξuhu) γij + LY γij , (2.39a)
δCij = ξ
u∂uCij − ∂uξuCij + 2αγij + LYCij − 2D(iDj)ξu , (2.39b)
where LY is the intrinsic Lie derivative on the celestial sphere andD is any metric compatible
connection associated to γij. Preservation of the shear tracelessness fully determines the
function α,
α =
1
2
D2ξu . (2.40)
The requirement that the determinant of e¯ai be fixed implies
δ(
√
γ) = 2Θ−1 δΘ
√
γ , (2.41)
which, using (2.39a), yields
ω ≡ Θ−1δΘ = −∂uξu + ξuhu + 1
2
DiY
i . (2.42)
This equation can be interpreted in two different ways depending on the choice of indepen-
dent gauge parameters, as emphasized in [25]. One possibility would be to consider ξu(u, x)
an independent parameter, yielding the Newman–Unti group as asymptotic symmetry group.
Here, we choose instead to regard ω as one of the independent gauge parameters in order to
single out boundary Weyl rescalings, which should be regarded as pure gauge. This alterna-
tive viewpoint yields the extended/generalized BMS group as asymptotic symmetry group.
Equation (2.42) then determines the u-dependence of ξu in terms of ω,
ξu = Θ
(
T (x) +
1
2
∫ u
du′ Θ−1(DiY
i − 2ω)
)
. (2.43)
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In summary, the residual asymptotic symmetries are fully characterized by the arbitrary
functions
{ω(u, x), T (x), Y i(x), λa(u, x), λab(u, x)}. (2.44)
Following earlier works [8, 25], it is straightforward to compute the algebra of asymptotic
Killing vectors ξ[T, ω, Y i]. Because of their explicit dependence on the metric field, one has
to use the modified Lie bracket
[ξ1, ξ2]M ≡ [ξ1, ξ2]− δgξ1ξ2 + δgξ2ξ1 , (2.45)
where δgξ1ξ2 is the metric variation of ξ1 induced from δgαβ = Lξ1gαβ. The resulting Lie
algebra is [
ξ[T1, ω1, Y1], ξ[T2, ω2, Y2]
]
M
= ξ[T12, ω12, Y12] , (2.46)
with
T12 = Y
i
1∂iT2 +
1
2
T1DiY
i
2 − (1↔ 2) , (2.47a)
Y i12 = Y
j
1 ∂jY
i
2 − (1↔ 2) , (2.47b)
ω12 = 0 . (2.47c)
By inspection of (2.46), one may recognize ω, T and Y i as the generators of boundary Weyl
rescalings, supertranslations and superrotations – diffeomorphisms of the celestial sphere –,
respectively. Well-known algebras arise by considering additional phase space restrictions.
For any fixed choice of Θ, i.e. for ω = 0, the above algebra reduces to the generalized BMS
algebra [9]. Requiring furthermore the metric γij to be conformal to the unit sphere metric
in stereographic coordinates yields the extended BMS algebra [37].
In the first order formulation of gravity which we are considering, we see the appearance
of additional residual gauge parameters λa and λab. As will be discussed in the next section,
including these will allow us to identify a representation of the gauged so(3, 1) = conf(2)
algebra at null infinity.
3 Radiative vacua
In this section, we show that the subset of asymptotic fields ea, h, ωab, ba introduced in (2.17)
and (2.27) naturally falls into a representation of the gauged so(3, 1) algebra and may be
consequently described in terms of a Chern–Simons theory. To show this, we first impose
additional conditions on the phase space of section 2.1 that eliminate all radiative degrees
of freedom. We organize the gravitational field equations into successive layers which may
be solved iteratively near I +. The fields ea, h, ωab, ba are those appearing in the first layer
of equations. In section 3.3 we exhibit their SO(3,1) symmetry transformations before
presenting a Chern–Simons theory which reproduces both symmetry transformations and
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field equations of the radiative vacuum sector in section 3.4. Finally, we complete the bulk
analysis by solving the second layer of gravitational field equations in section 3.5.
3.1 Vacuum conditions
In order to exhibit a gauged so(3, 1) algebra, we impose the following three additional
conditions on the phase space:
• Vanishing of the leading order term in each component of T rˆ and T a,
• Vanishing of the leading order term of the scalar curvature R,
• Absence of gravitational radiation at future null infinity.
The first two conditions are very mild as they are automatically satisfied by any gravitational
solution satisfying the vanishing torsion constraint (2.11) together with Einstein equations,
provided that no matter source lies in a neighborhood of I +. The last condition is much
stronger and severely reduces the number of physical situations that can be described. As
far as an observer sitting at null infinity is concerned, this condition essentially restricts
the states under consideration to gravitational vacua. This does not completely trivialize
the discussion however, since gravitational vacua are known to be infinitely degenerate
[6, 7, 14, 16].
The torsion components of interest are given asymptotically by
T rˆrµ =
(
hµ − ω uˆrˆµ
)
+O(r−2) , (3.1a)
T rˆµν = r
(
∂µhν + b
a
µe
a
ν − µ↔ ν
)
(3.1b)
+
(
∂µh
(0)
ν + hµh
(0)
ν + b
a
µe
(0)a
ν + ω
(1)ˆra
µ e
a
ν − µ↔ ν
)
+O(r−1) , (3.1c)
T arµ =
(
eaµ − ω uˆaµ
)
+O(r−2) , (3.1d)
T aµν = r
(
∂µe
a
ν + ω
ab
µ e
b
ν + e
a
µhν − µ↔ ν
)
(3.1e)
+
(
∂µe
a(0)
ν + b
a
µδ
u
ν + e
a
µh
(0)
ν + ω
ab
µ e
(0)b
ν − µ↔ ν
)
+O(r−1) . (3.1f)
Setting the leading order terms to zero yields
ω uˆrˆµ = hµ, ω
uˆa
µ = e
a
µ , (3.2)
and
0 = dh− ea ∧ ba, (3.3)
0 = dea + ωab ∧ eb + ea ∧ h. (3.4)
Here and in the following, the form notation is reserved for three-dimensional tensors living
at null infinity. As mentioned in the introduction, it is natural to interpret the fields ea
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as frame fields for the degenerate metric (1.4) induced at I +. The field ωab appears as
the spatial part of the associated spin connection. Equation (3.4) then shows that it has
non-vanishing torsion,
T a (ω) ≡ dea + ωa
b
∧ eb = h ∧ ea, (3.5)
determined by h. However, defining a new connection ωˆ as in (1.6) shows that h plays the
role of the Weyl vector for the torsion-free Weyl connection ωˆ. For more details on Weyl
connections for Carrollian manifolds, see appendix A. The spatial components of equation
(3.4) is uniquely solved by
ωabi = −ωiǫab, ωi = ǫ ba ejb
(
∂ie
a
j − ∂jeai
)
+ ǫ b
a
eaihb , (3.6)
while its ui component holds identically thanks to the boundary condition (2.21).
In order to investigate the second and third conditions, we first compute the Riemann
tensor to the appropriate order,
Rabij = ∂iω
ab
j + b
a
i e
b
j + e
a
i b
b
j − (i↔ j) +O(r−1), (3.7a)
Rrˆaµν = ∂µb
a
ν + hµb
a
ν + ω
ab
µ b
b
ν − (µ↔ ν) +O(r−1), (3.7b)
Rabui , R
uˆrˆ
µν ∼ O(r−1) , (3.7c)
Rabrµ, R
rˆa
rµ, R
uˆa
µν ∼ O(r−2) , (3.7d)
Ruˆrˆrµ, R
uˆa
rµ ∼ O(r−3) . (3.7e)
It follows that the scalar curvature is given at leading order by
R = RABαβE
α
A
Eβ
B
= 4r−2ei
a
ej
b
[
∂iω
ab
j + b
a
i e
b
j + e
a
i b
b
j − (i↔ j)
]
+O(r−3). (3.8)
Requiring that the leading term vanishes to order r−2, we find
dω − ǫab ea ∧ bb = 0 . (3.9)
Note that the ui component of this equation does not encode any additional information,
since it follows directly from (3.3) and (3.6). Assuming Einstein’s equations, the scalar
curvature of a geometry sourced by a stress-energy tensor with asymptotic falloff r−s van-
ishes like r−(s+2) [29]. Since finite energy configurations should have at least s = 2, the
above restriction on our phase space is very mild and compatible with physical solutions to
Einstein’s equations in asymptotically flat spacetimes.
The last requirement on our phase space is the absence of radiation. We will imple-
ment this condition by requiring that the the pull-back to I + of the magnetic part of the
(conformally rescaled) Weyl tensor K⋆ µν vanishes [15, 38]. It may be written
K⋆ µν = − lim
r→∞
2rΘ2ǫµκλCrνκλ , (3.10)
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where we have defined the projected epsilon tensor at null infinity,
ǫµνρ ≡ lim
r→∞
r2Θ3ǫrµνρ . (3.11)
Although not apparent from these expressions, both quantities are finite. In particular, the
limit in (3.10) is well-defined since the Weyl tensor Cαβγδ vanishes to order r
−1 due to our
boundary conditions. To leading order in r we have
Er
A
CAaµν = −
1
4
Θ−2 K⋆ νκǫλµνe
a
κ . (3.12)
The leading order contribution on the left-hand side of this equation comes from the term
C rˆaµν . Using Ricci decomposition for the left hand side of (3.7b) and checking that terms
proportional to the Ricci tensor vanish to order O(r−1), we can write
− 1
4
Θ−2ǫµνρ K
⋆ ρjγjk = 2e
a
k
(
∂[µb
a
ν] + h[µb
a
ν + ω
ab
[µ b
b
ν]
)
. (3.13)
Setting K⋆ ui = K⋆ ij = 0 therefore yields
dba + h ∧ ba + ωab ∧ bb = 0 . (3.14)
In the Newman–Penrose formulation, the information contained in the magnetic part of
the Weyl tensor is captured by the complex quantities Imψ02 , ψ
0
3 , ψ
0
4 [15, 39]. The above
condition corresponds to ψ03 = ψ
0
4 = 0 while leaving Imψ
0
2 arbitrary.
3.2 Vacuum Schouten tensor
In this section we expand on the role played by the field ba. First, we observe that its
u-component is completely determined by equation (3.3),
bau = e
i
a
(∂uhi − ∂ihu) . (3.15)
Considering its frame components
βab ≡ bai eib , (3.16)
we find its antisymmetric and trace parts from (3.3) and (3.9),
β[ab] =
1
2
eiae
i
b (∂ihj − ∂jhi) , β ≡ βabδab = ǫij∂iωj = −
1
2
R(ω) , (3.17)
while its traceless symmetric part remains so far undetermined.
Let us turn now to equation (3.14). In order to understand this equation better, we col-
lect some results of the Geroch–Ashtekar covariant approach to asymptotically flat space-
times [15, 29]; see [40] for a review. Note that these works employ the Bondi conformal
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frame and assume the standard metric compatible connection induced at the boundary.
Using Einstein’s equations for the conformally compactified metric (1.3) together with the
Bianchi identities, one finds that the following equation holds at I +,
D[µSν]λ =
1
4
ǫµνκ K
⋆ κρqρλ . (3.18)
The pull-back Sµν of the bulk Schouten tensor, defined in (1.8), is a purely spatial tensor,
nµSµν = 0 . (3.19)
Similarly, the operator Dµ is the Levi-Civita´ derivative associated to g˜αβ pulled back to
the boundary. The tensor Sµν plays a central role since it determines the presence of
gravitational radiation as manifest in (3.18). However, it is not conformally invariant and
thus depends on the choice of conformal factor Ω used to define the unphysical metric (1.3).
The physical, conformally invariant content of Sµν is contained in the News tensor
Nµν ≡ Sµν − ρµν , (3.20)
where the symmetric tensor ρµν obeys the three defining criteria
nµρµν = 0 , D[µρν]λ = 0 , q
µνρµν = R (q) . (3.21)
Here, R (q) is the scalar curvature associated to the connection induced at the boundary.
The Weyl transformation of the tensor ρµν precisely cancels that of Sµν . As shown in [29],
equations (3.21) define ρµν uniquely when the topology of I
+ is R×S2 and the vector fields
generating asymptotic symmetries are regular everywhere. Superrotation generators generi-
cally violate the latter requirement, and it is assumed that the phase space of asymptotically
flat gravity should allow for more general topologies of I + in order to accommodate for
solutions related by finite superrotations [17, 41]. Note that from this point of view, the
notion of News in this larger phase space is a priori ambiguous if no prescription for ρµν is
given. We consider that the News should vanish in the absence of gravitational radiation
and that all remaining freedom is encoded in ρµν . Thus, it can be regarded as the vacuum
Schouten tensor. In the literature [14, 16, 31], this freedom has sometimes been absorbed
into the News itself such that ρµν |here = ρµν −Nvacµν |there.
Returning to our set-up, equation (3.18) is clearly reminiscent of (3.13), which can be
rewritten as
2Dˆ[µβi]k = −1
4
ǫµiρ K
⋆ ρj γ¯jk , (3.22)
where Dˆ is the Weyl covariant derivative associated to ωˆ. In the Bondi conformal frame
h = 0, an explicit computation yields
βµν = −1
2
Sµν . (3.23)
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This clarifies the role played by ba. When restricting to radiative vacua satisfying K⋆ µν = 0,
it obeys the natural generalization to h 6= 0 of the relations (3.21) defining the vacuum
Schouten tensor ρµν (up to normalization). The undetermined purely spatial symmetric
part of the field ba thus characterizes the various inequivalent radiative vacua. We will
come back to the general determination of ba in section 3.5 by solving Einstein’s equations
at subleading asymptotic order. In section 4.2, we will show that the solution space of
radiative vacua is encoded in an effective action for superrotation reparametrization modes.
3.3 Vacuum symmetry transformations
We described radiative vacua in section 3.1 through equations (3.3), (3.4), (3.9) and (3.14)
that hold near I + and which involve the asymptotic fields ea, ωab, h, ba only. When the
vacuum conditions are satisfied, their residual symmetry transformation may be written in
a nicer form. Defining the gauge parameters
η ≡ ω + Y ihi − 1
2
DiY
i , πa ≡ Y ieai , (3.24)
we straightforwardly obtain from (2.30) their residual gauge transformations in terms of the
independent gauge parameters η, πa, λa, λab,
δea = dπa − πah− λa
b
eb + ηea + πbω
ab, (3.25a)
δωab = dλab + λbcω
ca
i + π
bbai + λ
beai − (a↔ b) , (3.25b)
δh = dη − λaea + πaba, (3.25c)
δba = dλa + λah− λa
b
bb + λbω
ab − ηba . (3.25d)
The set of asymptotic fields ea, ω, h, ba seems to enjoy a particular status under these large
gauge transformations, as they completely decouple from other subleading components in the
asymptotic expansion of the bulk fields. Together with the above mentioned field equations,
these symmetry transformations show that a gauged so(3, 1) = conf(2) algebra governs the
asymptotics of the vacuum phase space. As we will discuss in the next section, one can
interpret this as a Chern–Simons theory based on the gauging of the symmetry algebra of
the light cone at null infinity.
3.4 Chern–Simons theory at null infinity
In the seminal works [42, 43] it was shown that three-dimensional Einstein gravity in the
first order formulation with zero, positive, or negative cosmological constant is classically
equivalent to a Chern–Simons theory with gauge group ISO(2, 1), SO(3, 1), or SO(2, 2),
respectively. In general, a Chern–Simons theory is defined by a gauge group G, a non-
degenerate invariant bilinear form 〈 , 〉 on the Lie algebra g of G, and the action
S =
k
4π
∫
〈A ∧ dA+ 2
3
A ∧A ∧A〉 , (3.26)
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where A is a g-valued connection one-form. However, in order to relate the gauge field A
to the geometric fields of first-order gravity, namely a dreibein eM and a spin connection
ωMN, an additional piece of data is needed. In particular, one has to choose a subalgebra
h of g. The components of A associated to generators in this subalgebra are subsequently
identified with the spin connection. For the cases mentioned above, one sets h = so(2, 1),
i.e., the Lorentz group in three dimensions. The underlying structure providing the map
between the Chern–Simons theory and its geometric interpretation in terms of vielbein and
spin-connection is therefore the Klein pair (g, h) [44], which defines a homogeneous space
G/H .
Homogeneous spaces that obey certain physically motivated criteria, e.g., spatial isotropy,
are called kinematic spacetimes. These were classified in four dimensions in the seminal pa-
per [45] and more recently in any dimension in [46]. The resulting spacetimes can be roughly
divided in terms of their natural causal structure, i.e., Lorentzian, Galilean, or Carrollian.
Chern–Simons theories based on the Klein pairs associated to three-dimensional Galilean
and Carrollian spacetimes have been discussed in [47, 48, 49].
Among the Carrollian spacetimes appearing in the classification of three-dimensional
kinematical spacetimes of [46] is the punctured future light-cone LC3 seen as the homoge-
neous space
LC3 = SO(3, 1)/ISO(2) (3.27)
with topology R×S2. Note that the light-cone and three-dimensional de-Sitter are two very
different homogeneous spacetimes for the same symmetry group, SO(3, 1), which shows the
importance of the specification of the stabilizer algebra h.
Let {Pa, H, Ba, J} be a basis for the algebra so(3, 1) with {Ba, J} the generators for the
subalgebra iso(2, 1). Using the conventions of [44], the commutation relations for the light-
cone algebra are then given by
[J, Ba] = ǫabB
b , [J, Pa] = ǫ
b
a Pb , (3.28a)
[Ba, Pb] = Hδab − Jǫab , [H, Pa] = −Pa , [H, Ba] = Ba . (3.28b)
We refer to [50, 51] for a thorough discussion of this algebra and the geometry of the light-
cone regarded as a homogeneous space of the Lorentz group.
The commutation relations (3.28) may be interpreted in a different way as well. We can
choose to take the quotient of SO(3, 1) by the subalgebra generated by {Ba, J, H} instead of
that generated by {Ba, J}. The homogeneous space obtained in this way is the conformal
two-sphere CS2
CS2 = SO(3, 1)/(ISO(2)⋉ R) . (3.29)
A Chern–Simons theory with this homogeneous space in mind was discussed in [27]. Al-
though the Chern–Simons theory and its equations are rather agnostic about the difference
between (3.27) and (3.29), we will see in the following that the latter choice appears to be
18
more appropriate for interpreting the equations and symmetry transformations derived in
the last two sections.
In addition to the gauge algebra, one needs an invariant bilinear form on the Lie algebra
in order to define the theory. The most general invariant bilinear form for the algebra (3.28)
is given by
〈J, J〉 = −〈H, H〉 = χ , 〈J, H〉 = µ , 〈Pa, Bb〉 = µ ǫab + χδab . (3.30)
While the choice of invariant bilinear form does not affect the classical theory, quantum
theories based on different choices will be inequivalent in general. Since we do not have,
at the level of our analysis, a preferred choice of invariant metric we will consider the most
general one. The Chern–Simons action is explicitly given by
S =
kµ
2π
∫ (
ω ∧ dh− ǫ
ab
ba ∧ deb − ǫ
ab
ea ∧ bb ∧ h− ea ∧ ba ∧ ω
)
(3.31)
+
kχ
4π
∫ (
ω ∧ dω − h ∧ dh− 2ba ∧ dea + 2h ∧ ea ∧ ba − 2ǫabω ∧ ea ∧ bb
)
,
where the gauge field has been decomposed as
A = hH+ eaPa + b
aBa + ωJ . (3.32)
Using the isomorphism SO(3, 1) ≃ PSL(2,C) = SL(2,C)/Z2, the Chern–Simons action can
be equivalently written as a sum of two complex conjugated actions [52]
S =
t
8π
∫
〈A ∧ dA+ 2
3
A ∧A ∧A〉C + t¯
8π
∫
〈A¯ ∧ dA¯+ 2
3
A¯ ∧ A¯ ∧ A¯〉C (3.33)
with t = k(χ+ iµ), and where we take A to be the sl(2,C) connection
A =
(
e1 + ie2
)
P1 + (h− iω) H+
(
b1 − ib2) B1 , (3.34)
with the usual invariant bilinear form on SL(2,C)
〈B1, P1〉C = 〈H, H〉C = 1 . (3.35)
Variation of the action yields the equations of motion
F (H) = F (J) = F (P) = F (B) = 0 , (3.36)
where components of the field strength F = dA+ A ∧A are given by
F (H) = dh− ea ∧ ba , (3.37a)
F (J) = dω − ǫ
ab
ea ∧ bb , (3.37b)
F (P)a = dea + ea ∧ h− ǫ
ab
ω ∧ eb , (3.37c)
F (B)a = dba − ba ∧ h− ǫabω ∧ bb . (3.37d)
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As anticipated, these field equations precisely agree with equations (3.3), (3.4), (3.9) and
(3.14) that describe the phase space of four-dimensional asymptotically-flat radiative vacua.
Similarly, gauge transformations of the Chern–Simons theory
δΛA = dΛ+ [A,Λ], Λ = ηH+ π
aPa + λ
aBa + λJ , (3.38)
precisely reproduce the symmetry transformations (3.25) obtained in the last section. In
order to find perfect agreement with the bulk gravitational theory, we must also assume
that a u-coordinate labels the degenerate direction of the two Chern-Simons connection
components ea, and further impose (2.21) as boundary condition. As a final comment
let us mention that, taking the point of view that the theory is based on the gauging of
the homogeneous space (3.27), the failure of the field equations (3.37) to determine ba, ω
completely is well-known for Carrollian and Galilean theories [49, 53].
3.5 Field equations at subleading order
In previous subsections we were mainly concerned with the first layer of equations found in an
asymptotic expansion near I +, that describe radiative vacua of asymptotically flat gravity.
We now complete our bulk analysis by looking at the second layer of asymptotic equations.
This allows us to discuss quantities that are commonly encountered in the literature.
Vanishing of the torsion to subleading order yields
de(0)a + ωab ∧ e(0)b − du ∧ ba − h(0) ∧ ea = 0 , (3.39)
which may be used to write the expression of ba in terms of frame field components,
bau = e
i
a (∂ihu − ∂uhi) , (3.40a)
bai =
1
2
(
∂uCab + huCab − 2h(0)u δab − 2Dbha
)
ebi . (3.40b)
Here, we introduced the two-dimensional covariant derivative D associated to the boundary
spin connection ωab,
Dahb = e
i
a
Dihb = e
i
a
(∂ihb + ω
c
ib hc) . (3.41)
One can check that the solution (3.40) is compatible with (3.3). Equation (3.39) is also used
to find the spatial component of h(0),
h
(0)
i = −
ebi
2
(DaCab + h
aCab) = −1
2
(
DiCij + h
iCij
)
, (3.42)
while its time component follows from (3.9),
h(0)u = −
1
2
(
Dah
a + εij∂iωj
)
=
1
4
(R(ω)− 2Daha) , εij = eai ebj ǫab . (3.43)
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No other independent constraint on the second layer of fields e(0)a, h(0) is derived from the
bulk field equations evaluated near I +. The fact that βµν defined in (3.16) is the Schouten
tensor, is explicit from (3.40). In the Bondi conformal frame h = 0, we find
βij =
1
2
(
∂uCij − 1
2
R(ω)qij
)
, (3.44)
where we recognize the contributions from the News tensor and the ρµν tensor.
As an interesting aside, we point out in appendix C that the field equations governing
the first and second layers of fields ea, h, ω, ba and e(0)a, h(0) may be recast as the vanishing
of the field strength of a iso(3, 1)-valued gauge connection. Similarly to what has been done
in section 3.3, we show that residual gauge transformations coincide with ISO(3,1) gauge
transformations. However, it is well-known that these equations cannot follow from a three-
dimensional Chern–Simons action due to a lack of nondegenerate ISO(3,1) bilinear form.
Nevertheless, an action for the second layer of fields with the first layer considered a fixed
background structure is found. This may prove useful if one is interested in constructing a
boundary theory describing the shear tensor Cij.
4 Celestial Alekseev–Shatashvili theory
We have seen in the previous sections that the space of superrotation vacua can be described
in terms of solutions of a Chern–Simons theory for the conf(2) = so(3, 1) algebra. Given the
topological nature of Chern–Simons theories, it is natural to expect that it can be further
reduced to a two-dimensional theory on the boundary of I +, which we identify with the
celestial sphere. The goal of this section is to do precisely this and derive an effective two-
dimensional conformal field theory for superrotation vacua. We perform the reduction in
section 4.1 and discuss the resulting theory and associated solution space in 4.2.
4.1 Hamiltonian reduction
The Hamiltonian reduction of Chern–Simons theory to a Wess–Zumino–Witten model on
the boundary was pioneered in [54] and applied to the case of gravity on AdS3 in [19]. More
recently, the works [20, 21, 22] revisited the reduction in the context of three-dimensional
gravity on AdS3, dS3 and 3d flat space, respectively, from the point of view of the gravi-
tational path integral. While we will not attempt to mirror the careful treatment of the
path integral given in [20,21], our approach closely follows these works to which we refer for
further details.
In order to perform the reduction, it will prove most convenient to work with the form
(3.33) of the Chern–Simons action. In what follows we will suppress the complex conjugated
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contribution and reinstate it only at the very end. The Hamiltonian form of this Chern–
Simons action is given by
S[A] =
t
8π
∫
I +
du dz dz¯ 〈Au∂z¯Az − Az∂z¯Au + 2Az¯Fzu〉C , (4.1)
In the above we have introduced a coordinate system (u, z, z¯), where z, z¯ are complex stere-
ographic coordinates on the celestial sphere. As we will see below, our choice of boundary
conditions is such that no additional boundary term is needed in order to ensure a well-
defined variational principle.
The field Az¯ appears as Lagrange multiplier for the constraint Fzu = 0. Integrating out
Az¯, the remaining fields must be flat connections that can be parametrized as
Au = G
−1∂uG , Az = G
−1∂zG , (4.2)
with G an arbitrary SL(2,C) group element. Inserting these solutions of the constraint back
into the action (4.1), one finds after some integration by parts,
S =
t
8π
∫
∂I +
dz dz¯ 〈G−1∂zGG−1∂z¯G〉C (4.3)
+
t
24π
∫
I +
d3x ǫµνλ〈G−1∂µGG−1∂νGG−1∂λG〉C .
We have thus reproduced the well-known result that the Hamiltonian reduction of Chern–
Simons theory yields a WZW theory on the boundary.
Before we continue, let us address two points regarding the reduction procedure and the
topology of I +. As already mentioned, when spacetimes related by finite superrotations
are taken to be part of the phase space of asymptotically flat spacetimes, the celestial sphere
acquires punctures. Consequently, one should allow for the possibility of holonomies in (4.2).
We will disregard them in the present treatment and comment on their possible inclusion
in the discussion. Second, although I + has two boundaries we restrict our attention to the
past boundary I +− only. In principle, one should treat both future and past boundaries
on the same footing in performing the reduction. The presence of holonomies presumably
leads to couplings between both boundaries along the lines of [20, 55]. We will leave this
interesting question for future investigation.
In order to proceed, we choose a parametrization for the group element G. Using the
Gauss decomposition
G = eΠP1eΛHeBB1 , (4.4)
with Π,Λ, B being complex functions of the coordinates (u, z, z¯), we find
G−1 dG =
(
eΛ dΠ
)
P1 +
(
dΛ− eΛB dΠ) H +
(
dB +B dΛ− 1
2
eΛB2 dΠ
)
B1 , (4.5)
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and
〈(G−1 dG)3〉C = d
(
eΛ dΠ ∧ dB) . (4.6)
At the moment, it appears that we obtain a SL(2,C) WZW model on the boundary. We
push the reduction further by restricting to the conformal gauge
eaea = Θ2γzz¯ dz dz¯ , γzz¯ =
4
(1 + zz¯)2
. (4.7)
This condition explicitly breaks Diff(S2) superrotation symmetry. In order to simplify for-
mulas, in the following we absorb the sphere factor γzz¯ into the definition of Θ. This gauge
condition is implemented by
e1 + ie2 = Θ dz, ωz = −i∂z lnΘ . (4.8)
In addition, we require
hz = hz¯ = 0, hu = ∂u lnΘ. (4.9)
The left equality is another gauge-fixing condition while the right equality is the boundary
condition (2.21). With these restrictions, it is now straightforward to check that no surface
term is needed in (4.1).
The conditions (4.8) and (4.9) impose restrictions on the group element G or, equiva-
lently, current constraints in the WZW model. We find
Λ = log
(
Θ
∂zΠ
)
, ∂uΠ = 0, B = Θ
−1
(
2∂z log Θ− ∂
2
zΠ
∂zΠ
)
, (4.10)
such that all fields are written in terms of Π = π1+ iπ2, a complex form of the superrotation
symmetry generators πa = eaiY
i.
Plugging these constraints into the action (4.3), and after integrating by parts, dropping a
field-independent term involving Θ only, and reinstating the complex conjugate contribution
to (4.1), one finds
S [Π] =
t
16π
∫
S2
dz dz¯
∂z∂z¯Π ∂
2
zΠ
(∂zΠ)2
+
t¯
16π
∫
S2
dz dz¯
∂z¯∂zΠ¯ ∂
2
z¯ Π¯
(∂z¯Π¯)2
. (4.11)
This effective action for the superrotation mode Π is the main result of the present work.
It is recognized as a complex version of the Alekseev-Shatashvili geometric action on a
coadjoint orbit of the Virasoro group [32].
The action (4.11) is invariant under two different sets of symmetries. Transformations
of the form
δǫΠ = ǫ(z)∂zΠ , (4.12)
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are genuine symmetries of the action and yield an infinite number of conserved charges
Q[ǫ] =
∫
dz ǫ(z)T (z) , (4.13)
where T is the Schwarzian derivative of the superrotation mode,
T = −1
2
{Π; z} , {Π; z} = ∂
3
zΠ
∂zΠ
− 3
2
(
∂2zΠ
∂zΠ
)2
. (4.14)
The other symmetry transformation is pure gauge and acts as
Π 7→ aΠ + b
cΠ+ d
, ad − bc = 1 , a, d, b, c ∈ C , (4.15)
which is recognized as a finite PSL(2,C) transformation. It can be traced back to the
invariance of (4.2) under transformationsG 7→ gG, with g a general (z¯-dependent) PSL(2,C)
element. This redundancy in the reduction reappears as the gauge symmetry (4.15).
The action (4.11) (with t imaginary) has been recently related to the path integral
quantization of gravity on Euclidean AdS3 and Lorentzian dS3 [20, 21]. Given the fact
that these theories are also based on a PSL(2,C) Chern–Simons theory, its reappearance in
this context is quite natural. We will not go into further details regarding the interesting
properties of the Alekseev-Shatashvili action and its relation to coadjoint orbits of the
Virasoro group, and refer the reader to the thorough discussions in [20, 32, 56].
4.2 Phase space of superrotation vacua
We now examine solutions of the Alekseev-Shatashvili action (4.11), which turn out to
describe the Virasoro superrotation vacua described in [16].
The equation of motion of the Alekseev-Shatashvili action simply is
∂z¯T = 0 , (4.16)
and is equivalent to the statement that the charges (4.13) are conserved. It is solved by
∂z¯Π = 0 , (4.17)
i.e., Π (Π¯) is a holomorphic (anti-holomorphic) function. Had we solved the Chern–Simons
theory directly without going through the Hamiltonian reduction, we would have imposed
Az¯ = G
−1∂z¯G as solution to the constraints in addition to (4.2). Equation (4.17) would
have followed from the boundary conditions (4.8), thus showing consistency of the reduction
procedure.
Together with the results of the previous section we can now use the solutions of the
Alekseev-Shatashvili theory to characterize the superrotation vacua associated to the metric
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(4.7). First notice that reality of the 1-forms ba in stereographic coordinates implies (baz)
∗ =
baz¯. From the definition (3.16), we find
βzz =
Θ
2
(
b1z − ib2z
)
, βz¯z¯ = (βzz)
∗ , (4.18a)
βzz¯ =
Θ
2
(
b1z¯ − ib2z¯
)
, βz¯z = (βzz¯)
∗ . (4.18b)
Finally, using (4.2) together with the constraints (4.10) and the solution (4.17), we find
βzz = T + ∂
2
z lnΘ− (∂z lnΘ)2 , (4.19)
and
βz¯z = ∂z∂z¯ lnΘ , βzz¯ = βz¯z . (4.20)
The trace of the vacuum Schouten tensor in stereographic coordinates is given by
β = 4Θ−2βzz¯ = −1
2
R (ω) , (4.21)
consistent with the general solution (3.17). The set of vacuum configurations ρµν = −2βµν |vac
is parametrized by the Schwarzian T of the Virasoro superrotation mode Π(z), which there-
fore labels the space of superrotation vacua.
The bulk metric corresponding to these superrotation vacua can be obtained by solving
(3.44) for Cij with βij given by (4.19). Plugging this back into (2.2) and choosing Θ =
2
1+zz¯
so that (4.7) reproduces the metric γzz¯ of the unit sphere, we obtain
ds2 = − du2 − 2 du dr + r2γzz¯ dz dz¯ + r(Czz dz2 + Cz¯z¯ dz¯2) + ... , (4.22)
with
Czz = 2uT + C
T
zz, ∂uC
T
zz = 0 . (4.23)
The subleading orders are completely fixed in terms of the functions given above. The
function CTzz parametrizes the space of supertranslation vacua which we cannot access from
the perspective of the Alekseev-Shatashvili theory. We thus reproduce the metric of Virasoro
superrotation vacua as previously constructed in [16]; see also [14, 17].
5 Discussion
We have derived an effective action for the superrotation reparametrization mode Π(z, z¯)
in the form of a complex Alekseev–Shatashvili action. Classical solutions of this theory
are holomorphic configurations Π(z) and precisely correspond to the Virasoro superrotation
vacua described in [16], which spontaneously break the Virasoro symmetry group down to
its global conformal subgroup. These are flat directions of the Alekseev–Shatashvili theory
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as they have zero action. On the other hand, generic configurations Π(z, z¯) have non-zero
action and correspond to generators of Diff(S2) superrotation symmetries that are explicitly
broken by a choice of conformal gauge at I +− .
As pointed out above, in the derivation of our result we did not include a holonomy
term in (4.2). Nevertheless, consider for instance the configuration Π(z) = zα with α not
an integer. At the level of our analysis, it is a solution of the equation of motion (4.17).
However, it is straightforward to check that the holonomy of the associated group element
is non-trivial and the group element is not single-valued. This is not surprising as these
transformations are known to generate defects in the bulk – interpreted as cosmic strings
in [41] – or at the boundary [17], depending on the point of view taken. It is thus clear that
our assumption, while useful as a first step, should be revisited in order to address these
important issues regarding the topology of null infinity.
In the present approach, we introduced the Chern–Simons theory, which eventually led to
our main result (4.11), as an effective description for the symmetries and equations of motion
of Einstein gravity near I +. In particular, we did not derive the Chern–Simons theory by
reducing the Einstein–Hilbert action, restricted to our phase space of vacuum solutions,
to the boundary. Therefore, we have no information about the coupling constant t in the
final theory that is related to the central charge of the CFT. This should be contrasted with
similar work [20,21,22,23] in lower dimensions where boundary actions were directly derived
from the bulk action, or work in four dimensions which showed that the action for gravity
reduces to a Chern–Simons theory on the horizon of an isolated black hole [57,58]. However,
the fact that our result is the natural generalization of [23] to four dimensions suggests that
it should be possible to arrive at our result by reducing the Einstein–Hilbert action. The
central charge would then likely be inversely proportional to Newton’s constant. We leave
open this important and interesting problem.
The Alekseev-Shatashvili action (4.11) is closely related to the 2d induced gravity theory
of Polyakov [59] which reduces to the former upon a particular choice of gauge. It is an
intriguing possibility that the Polyakov action would turn out to be the effective action of
superrotations if we were not to impose the gauge-fixing condition (4.7) when performing
the Hamiltonian reduction of the Chern–Simons theory, thereby keeping Diff(S2) symme-
try manifest. Related to this, the well-known connection between SL(2,C) Chern–Simons
theories and Virasoro conformal blocks [60] might shed further light on superrotations.
Finally, it would be of great interest to connect the celestial Alekseev-Shatashvili theory
derived here with recent work on the soft sector of celestial CFT amplitudes [61,62,63,64].
We leave this to future endeavors.
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A Weyl connections on Carrollian manifolds
In this appendix we develop the concept of Weyl connections on Carrollian manifolds in more
details. Connections on Carrollian manifolds have been treated in, e.g., [51,65]. To the best
of our knowledge, Weyl connections on Carrollian manifolds have not been discussed in the
literature.
Only in this subsection we change our conventions such, that indices µ, ν, ... stand for D-
dimensional coordinate indices, A,B,C, ... denote D-dimensional frame indices and a, b, c, ..
denote frame indices associated to the non-degenerate (D − 1)-dimensional Riemannian
submanifold.
A Carrollian geometry is characterized by a degenerate metric qµν whose kernel is
spanned by the vector nµ,
nµqµν = 0. (A.1)
A Weyl covariant derivative D is defined from the requirement that angles between
vectors be preserved under parallel transport along any curve with tangent vector t,
tµDµ
(
v.w
|v||w|
)
= 0 , ∀ v, w s.t. tµDµvν = tµDµwν = 0 . (A.2)
We find
tρDρ
(
v.w
|v||w|
)
= tρDρqµν
(
vµwν
|v||w| −
1
2
v.w
|v||w|
(
vµvν
v2
+
wµwν
w2
))
, (A.3)
such that condition (A.2) is equivalent to
Dρqµν = 2hρqµν , (A.4)
where the Weyl vector h is a priori arbitrary. In particular, this connection is not metric
compatible. We further impose invariance of the covariant derivative D and covariance of
the condition (A.4) under Weyl rescalings. Hence, the rescaled metric
q˜ = e2ηq , (A.5)
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should satisfy
D˜ρq˜µν = 2h˜ρq˜µν , (A.6)
or equivalently,
D˜ρqµν = 2
(
h˜ρ − ∂ρη
)
qµν . (A.7)
Invariance of the covariant derivative yields
0 = Dρqµν − D˜ρqµν = 2
(
hρ − h˜ρ + ∂ρη
)
qµν , (A.8)
which determines the transformation of the Weyl vector under Weyl rescalings,
h˜ρ = hρ + ∂ρη . (A.9)
The above considerations actually apply to manifolds equipped with both degenerate or
non-degenerate metrics. In the case of a degenerate metric, it is natural to impose that
parallel transport also preserves the metric degeneracy,
0 = tρDρ (n
µqµν) = t
ρ (qµνDρn
µ + nµDρqµν) = t
ρqµνDρn
µ . (A.10)
The solution to this equation is of the form
Dµn
ν = wµn
ν , (A.11)
where the vector w is also not specified a priori. The behavior of w under Weyl rescaling may
be inferred from the Weyl transformation of the normal vector n. In the covariant description
of null infinity [29, 66], one usually considers the following transformation properties,
n˜µ = e−ηnµ , w˜µ = wµ − ∂µη . (A.12)
Finally, one can check that
Lnqµν = nλDλqµν + qνλDµnλ + qµλDνnλ = 2(n.h)qµν . (A.13)
Hence, a non-zero normal component of the Weyl vector is associated to volume changes
along the degenerate direction.
Affine Weyl connection
Let’s turn to the affine connection Γ associated to a Weyl covariant derivative. For generality,
we work with a generic (non-holonomic) vector basis eA = (n, ea), where the basis vector
n ≡ en is chosen to lie along the degenerate direction. The affine connection is defined by
DAeB ≡ ΓCAB eC . (A.14)
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In case that the basis vectors are associated to a coordinate system (holonomic), eA = δ
µ
A∂µ,
the connection coefficients coincide with the usual Christoffel symbols. We will restrict our
attention to torsionless connections, in which case we have
ΓCAB − ΓCBA = [eA, eB] · eC ≡ C CAB . (A.15)
In this basis, the Weyl metricity condition (A.4) yields
eC (qAB)− ΓDCAqBD − ΓDCBqAD = 2hCqAB , (A.16)
such that
ΓDABqCD =
1
2
(eA(qBC) + eB(qAC)− eC(qAB)) (A.17)
− 1
2
(
C DAC qBD + C
D
BC qAD − C DAB qCD
)− (hAqBC + hBqAC − hCqAB) .
The other condition (A.11) yields
ΓCAn = wA δ
C
n , (A.18)
or equivalently,
ΓnAn = wA, Γ
a
An = 0 . (A.19)
Together with (A.17), this last condition implies
hn qab =
1
2
(n(qab) + C
c
an qcb + Cbnqac) . (A.20)
In a coordinate basis where n = ∂u, ea = δ
i
a∂i, this equation simplifies to
∂uqij = 2huqij . (A.21)
We note here that, in contrast to Levi-Civita´ connections for non-degenerate metrics, equa-
tion (A.17) does not determine the connection coefficients completely.
Spin Weyl connection
We specialize to the particular case where the basis vectors are also frame fields on the
degenerate manifold,
qµν = δabe
a
µe
b
ν . (A.22)
In this case, the Weyl spin connection ωˆ is identified with
ωˆ CA B ≡ ΓCAB . (A.23)
From (A.22), we find
Dρqµν = −δabωˆ bρ C
(
eCµ e
a
ν + e
a
µe
C
ν
)
, (A.24)
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such that (A.4) implies
ωˆµ(ab) = −hµδab , ωˆ aµ n = 0 . (A.25)
Hence, its projection onto the non-degenerate submanifold differs from the Levi-Civita´ spin
connection ωab by a trace,
ωˆab = ωab − hδab . (A.26)
Similarly, (A.19) yields
ωˆ nµ n = wµ . (A.27)
Again, the remaining component ωˆ nµa of the Weyl spin connection is not determined from
the specified geometric data.
Finally, the torsion of the Weyl spin connection may be written
T a(ωˆ) = dea + ωab ∧ eb − h ∧ ea , (A.28a)
T n(ωˆ) = dn + w ∧ n+ ωˆna ∧ ea . (A.28b)
Induced Weyl connection at null infinity
We briefly return to the set-up and conventions of the main text to show explicitly that a
Weyl connection for the unphysical metric is induced at null infinity. Recently, the role and
appearance of a Weyl connection at the boundary of asymptotically AdS spacetimes has
been similarly discussed [67].
We take the conformal factor of the conformal compactification (1.3) to be Ω = r−1.
The frame fields E˜Aα of the unphysical manifold are related to the physical frame fields as
follows,
Eaα = Ω
−1E˜aα , E
rˆ
α = Ω
−2E˜ rˆα , E
uˆ
α = E˜
uˆ
α . (A.29)
From the definition of the spin connection (2.10), we find
Dα(Ω
−1E˜aβ) = −Ω−2DαΩE˜aβ + Ω−1DαE˜aβ = −Ω aα bΩ−1E˜bβ + Ω auα E˜ uˆβ + Ω arα E˜ rˆβΩ−2 . (A.30)
Pulling back the above equation to I + and using the leading order of the spin connection
(2.27), one obtains
DiE˜
a
j = −ω ai bE˜bj + E˜ai hj , (A.31)
or, using relation (A.26) for the Weyl spin connection ωˆ,
DiE˜
a
j = −ωˆ ai bE˜bj . (A.32)
The bulk Levi-Civita´ connection thus induces a Weyl connection when pulled back to I +.
It may be useful to briefly relate this to Geroch’s description of null infinity [15, 29].
There, the freedom in performing Weyl rescalings is used to set h = 0 in such a way that
the induced connection at the boundary reduces to the more familiar metric compatible
torsion-free covariant derivative. The undetermined piece in the connection then turns out
to be the shear tensor describing, e.g., the radiative degrees of freedom. This field, however,
is not part of the Chern–Simons connection A as we only describe the vacuum sector.
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B Newman–Unti gauge in the Newman–Penrose formalism
Since the Newman–Unti gauge is usually discussed in terms of Newman–Penrose quantities,
we provide a translation of the gauge and fall-off conditions of section 2. We will follow the
conventions of [34] accounting for the different choice of signature in the metric which boils
down to a change of sign in the Newman–Penrose (NP) coefficients.
Using the definition of the connection coefficients with respect to an orthonormal basis
∇AEB = Ω CA BEC . (B.1)
We decomposing the frame fields as
l ≡ Erˆ = ∂r , n ≡ Euˆ = ∂u +U∂r +X i∂i , m ≡ 1√
2
(E3 + iE4) = ω∂r + ξ
i∂i , (B.2)
with
ω =
1√
2
(Er3 + iE
r
4) = −
1√
2
(
Ei3E
rˆ
i + iE
i
4E
rˆ
i
)
, (B.3a)
ξi =
1√
2
(
Ei3 + iE
i
4
)
, (B.3b)
X i = −EauEia . (B.3c)
Thus, the relation between coordinate and frame components is given by
ΩrˆAB = ΩrAB (B.4a)
ΩuˆAB = ΩuAB + UΩrAB +X
iΩiAB (B.4b)
ΩmAB = ωΩrAB + ξ
iΩiAB . (B.4c)
The complex NP coefficients which will play a role in the following are
κ ≡ Ωrˆrˆm = −lαmβ∇αlβ = Ωrrˆm = 1√
2
(Ωrrˆ3 + iΩrrˆ4) , (B.5a)
π ≡ −Ωrˆuˆm¯ = lαm¯β∇αnβ = − 1√
2
(Ωruˆ3 − iΩruˆ4) , (B.5b)
ǫ ≡ 1
2
(Ωrˆˆruˆ − Ωrˆmm¯) = 1
2
lα
(
m¯β∇αmβ − nβ∇αlβ
)
=
1
2
(−Ωr34 − Ωruˆrˆ) , (B.5c)
ρ ≡ Ωm¯rˆm = −m¯αmβ∇αlβ = ω¯κ + 1√
2
ξi (Ωiˆr3 + iΩiˆr4) , (B.5d)
τ ≡ Ωuˆrˆm = −nαmβ∇αlβ = 1√
2
(Ωurˆ3 + iΩurˆ4) + Uκ +
X i√
2
(Ωiˆr3 + iΩiˆr4) , (B.5e)
α¯ + β ≡ Ωmrˆuˆ = mαnβ∇αlβ = ωΩrrˆuˆ + ξiΩiˆruˆ . (B.5f)
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The Newman–Unti gauge-fixing conditions are given by [24, 35, 68]
κ = ǫ = π = 0 , ρ = ρ¯ , τ = α¯+ β . (B.6)
Imposing the six real conditions of the first equation yields
Ω ABr = 0 . (B.7)
From the definition of ξi, we find
ρ =
1
2
(
Ei
a
Ω auˆi + iǫ
a
b
Ei
a
Ω buˆi
)
, (B.8)
so that the gauge-fixing condition (B.6) forces the second term to vanish,
ǫa
b
Ei
a
Ω buˆi = 0 . (B.9)
Finally, the last condition in (B.6) yields
Ωurˆa +X
iΩiˆra − ΩiˆruˆEia = 0 . (B.10)
Together with (B.9), this is equivalent to the constraint T uˆui = 0. In summary, we find that
the gauge described in section 2.1 coincides with the Newman–Unti gauge.
In addition to the above gauge conditions, the Newman–Unti solution space also imple-
ments certain fall-off conditions. These are given by
X i = O(r−1) , ρ = −1
r
+O(r−3) , τ = O(r−2) , Ψ0 = Ψ00 r−5 +O(r−6) . (B.11)
Using the fields asymptotic expansion (2.17) and (2.27), we find that the first condition
is satisfied. The statement that the r−2 term is absent in the expansion of ρ leads to
the requirement that the trace of Cij vanishes. An explicit calculation shows that this last
condition is satisfied as well. However, the fall-off behavior of the spin coefficient τ is O(r−1),
weaker than required by the above condition due to the presence of a non-zero hi.
In summary, the gauge used in the main text coincides with the Newman–Unti gauge
apart from the slower fall-off in τ when hi 6= 0. The latter quantity is pure gauge however,
and may be set to zero by a null rotation around E uˆ [24].
C Extension to the gauged Poincare´ algebra
We showed in section 3 that the first layer of asymptotic equations, found by expanding the
gravitational field equations near I + and by imposing absence of gravitational radiation,
coincides with the equations of motion of a so(3, 1) = conf(2) Chern–Simons theory. Here,
we extend this analysis and show that this first layer, together with the second layer of
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bulk equations described in section 3.5, may be recast as vanishing of the field-strength of
a gauge connection A for the Poincare´ or three-dimensional conformal Carrollian algebra
iso(3, 1) = ccar(3),
F [A] ≡ dA+ A ∧ A = 0. (C.1)
To be more specific, we consider the gauge field
A = nP0 + e
aPa + ωJ+ hH + b
aBa + e
(0)aCa + h
(0)B , (C.2)
where generators satisfy the algebra
[Ba, Cb] = Bδab , [H, B] = B [Pa, Ca] = δabP0 , (C.3a)
[P0, Ba] = −Ca , [Pa, B] = Ca , [H, P0] = −P0 (C.3b)
[Ba, Pb] = Hδab − Jǫab , [H, Pa] = −Pa , [H, Ba] = Ba (C.3c)
[J, Ba] = ǫabBb [J, Pa] = ǫabPb [J, C
a] = ǫabCb . (C.3d)
Here, n is identified with the ‘missing’ boundary frame field giving the time direction,
n = du . (C.4)
Korovin [26] already pointed out the appearance of a gauged ccar(3) algebra governing the
onshell residual symmetry transformations of the asymptotic fields ea, h, ω, ba, τ, e(0)a, h(0).
In his analysis, Korovin used weaker gauge and boundary conditions that allowed him to
keep full covariance with respect to boundary coordinates and boundary frame rotations.
In the present analysis, a choice of time coordinate and further partial gauge fixing have
been made according to the standard Newman–Unti framework [24].
Computing the field-strength components, we recover (3.37) together with
F (P0) = dn− h ∧ n + ea ∧ e(0)a , (C.5a)
F (B) = dh(0) + h ∧ h(0) + ba ∧ e(0)
a
, (C.5b)
F (C)a = de(0)a − ǫabω ∧ e(0)b − n ∧ ba − h(0) ∧ ea . (C.5c)
Hence, the subleading bulk equation (3.39) derived in section 3.5 is nothing but the vanishing
of F (C)a. The first two equations, although they do not appear as field equations from our
bulk analysis, are shown to hold identically thanks to the choice of boundary conditions
made in section 2.1. It is very likely, although we have not checked it explicitly, that these
would (re-)appear as bulk field equations if these boundary conditions were relaxed.
As also shown in [26], the onshell residual symmetry transformations of these asymptotic
fields are given by (3.25) together with
δn = dπ + ηn− πh− πae(0)a + γaea , (C.6)
δh(0) = dζ + ζh− ηh(0) − λae(0)a + γaba , (C.7)
δe(0)a = dγa + ζea − πah(0) + πba − λan+ ǫab(λe(0)b − γbω) , (C.8)
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where new gauge parameters have been introduced,
π ≡ ξu , (C.9a)
ζ ≡ −hi∂iξu + ξuh(0)u + Y ih(0)i + α , (C.9b)
γa ≡ −∂aξu + ξuha + Y ie(0)ai . (C.9c)
In the present context, n has been gauged-fixed through (C.4) such that δn actually van-
ishes. The onshell transformations (C.9) coincide with (a gauged-fixed version of) the gauge
transformation
δΛA = dΛ + [A,Λ], Λ = πP0 + π
aPa + λJ+ ηH+ λ
aBa + γ
aCa + ζB . (C.10)
At the level of equations of motion and onshell symmetry transformations, we thus
exhibit a gauging of the iso(3, 1) = ccar(3) algebra. However, it is well-known that there
is no Chern–Simons action whose equations of motion would yield (C.1), in contrast to the
situation encountered for the gauged so(3, 1) algebra described in section 3.4. This is due to
a lack of nondegenerate bilinear form on the Poincare´ algebra. As a curiosity, we mention
that an action reproducing the subset of equations of motion (C.5) may be found,
S =
∫
2n∧h(0)∧h−2n∧dh(0)+2n∧e(0)a∧ba+e(0)a∧de(0)a −2ea∧e(0)a∧h(0)−ωab∧e(0)a∧e(0)b.
(C.11)
Here n, h(0), e(0)a are the only dynamical fields, while ea, ω, h, ba are considered part of a
fixed background structure. This action is invariant under the full set of iso(3, 1) = ccar(3)
gauge transformations transforming both dynamical and background fields.
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